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GEOMETRY OF CHAINS OF MINIMAL RATIONAL CURVES
JUN-MUK HWANG AND STEFAN KEBEKUS
Abstrat. Chains of minimal degree rational urves have been used as an
important tool in the study of Fano manifolds. Their own geometri properties,
however, have not been studied muh. The goal of the paper is to introdue an
innitesimal method to study hains of minimal rational urves via varieties
of minimal rational tangents and their higher seants. For many examples of
Fano manifolds this method an be used to ompute the minimal length of
hains needed to join two general points. One onsequene of our omputation
is a bound on the multipliities of divisors at a general point of the moduli of
stable bundles of rank two on a urve.
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1. Introdution
Minimal degree rational urves play an essential role in the study of the geometry
of Fano manifolds, see e.g. [Hwa01℄, [Keb02℄ and [Kol96℄. It is, however, frequently
important to onsider not just single urves, but onneted hains of them. Among
others, these were used in the proof of the boundedness of the degrees of Fano
manifolds of Piard number 1 in [Nad91℄. At present, not muh is known about the
geometry of hains of urves. A basi problem in this diretion is the omputation
of the dimension dk of the lous of the family of length-k hains of minimal rational
urves passing through a xed, general point of the Fano manifold; we refer to
Setion 2 for a preise denition. This information ould for instane be used
to bound the multipliities of divisors at a general point of the variety, ompare
Proposition 2.6 below. For example, our Corollary 6.12 below gives a bound on the
multipliities of divisors on the moduli spae of stable rank-2 bundles on a urve.
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It turns out, however, that it is not easy to ompute the dimensions dk by a diret
method even for onrete examples. The goal of this note is therefore to develop
an innitesimal approah to this problem. Our main results, Theorems 3.113.14,
give a lower bound on the dk, whih often beomes eetive. In Setion 6, we will
illustrate this by omputing dk for several examples.
In addition to the intrinsi interest of omputing these dimensions, whih are
natural geometri invariants of Fano manifolds, our argument shows a onnetion of
our problem with the lassial problem on the dimensions of higher seant varieties
of a projetive variety, f. [CC02℄, [Zak93℄. This onnetion is provided by the theory
of varieties of minimal rational tangents whih is briey realled in Setion 3. In this
sense, this note is another example of the manifestation of the philosophy that the
projetive geometry of varieties of minimal rational tangents governs the geometry
of the Fano variety, a phenomenon enountered repeatedly in several works on Fano
varieties.
2. Loi of hains of rational urves
2.1. Setup and denitions. We follow the onventions of [Kol96℄ and denote the
normalization of the spae of irreduible, redued rational urves on a omplex-
projetive variety X by RatCurvesn(X). We will make the following assumption
throughout the present paper.
Assumption 2.1. Let X be a uniruled omplex-projetive manifold and K ⊂
RatCurvesn(X) be an irreduible omponent suh that
(1) the members C ∈ K over a dense subset of X , i.e. K is a dominating
family of rational urves.
(2) For a general point x ∈ X , the subvariety
Kx = {C ∈ K : x ∈ C} ⊂ K
of members of K that pass through x, is ompat.
(3) For general x ∈ X , Kx is also irreduible.
Remark 2.2. It is well known that (2) is satised if K is hosen suh that the
degrees of the member urves are minimal among all families of rational urves
that satisfy (1).
Assumption (3), whih we pose for simpliity, is known to hold for essentially all
examples of Fano manifolds of Piard number 1 as long as (1) and (2) are satised
and dimKx ≥ 1. This is the ase for ontat Fano manifolds [Keb03, thm. 1.1℄ and
any of the examples disussed in Setion 6. Examples show that Assumption (3)
need not hold when dimKx = 0. But in the latter ase, the numbers orresponding
to dk we dene below are easy to ompute. Thus it is reasonable to make the
assumption (3).
We refer to [Hwa01℄ for a general disussion, and to [KK04, thm. 5.1℄ for a
general irreduibility riterion.
In this paper, we are prinipally interested in the loi of length-k hains of K-
urves that pass through a xed general point x ∈ X .
Denition 2.3. For a general point x ∈ X, dene indutively
loc1(x) := losure of
⋃
C∈Kx
C
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and
lock+1(x) := losure of
⋃
general C ∈ Ky
general y ∈ lock(x)
C.
Let dk := dim loc
k(x). We all dk the k-th spanning dimension of the family K.
By Assumption 2.1(3), lock(x) is an irreduible variety. Thus the meaning of
general y ∈ lock(x) is lear in the denition of lock+1(x). It is lear that the
spanning dimensions are independent of the hoie of the general point x. Standard
tehniques of Mori theory give a rst estimate.
Proposition 2.4. If C ∈ K is any urve, then d1 = (−KX).C − 1 and dk ≤
k((−KX).C − 1).
Proof. It is well-known [Kol96℄ that if x ∈ X is a general point, then (−KX).C ≥ 2
and dimKx = (−KX).C−2. By Mori's Bend-and-Break, we have d1 = dimKx+1,
and the rst equality is shown.
The latter inequality follows from indution. If y ∈ lock−1(x) is a general point,
then
dim lock(x) ≤ dim lock−1(x) + dim loc1(y)
≤ (k − 1)((−KX).C − 1) + ((−KX).C − 1)
= k((−KX).C − 1).

2.2. Rational onnetedness and the length of a manifold. Suppose there
exists an integer ℓ > 0 suh that
dℓ = dimX, but dℓ−1 < dimX.
Then we say that X has length ℓ with respet to K, or that X is ℓ-onneted by K.
The existene of suh ℓ is guaranteed in a number of interesting setups.
Proposition 2.5 ([Nad91℄). Under the Assumption 2.1, if X is a Fano manifold
of Piard number 1, then X has length ≤ dimX with respet to K. 
In many examples of Fano manifolds X of Piard number 1, there is a natural
hoie of a family K that satises the Assumption 2.1. The length ℓ and the
spanning-dimensions d1, . . . , dℓ an then be regarded as natural numerial invariants
of X . In addition to its intrinsi interest, these numbers are useful in understanding
the geometry of X . One use of the length is the following generalization of Nadel's
produt theorem [Nad91℄.
Proposition 2.6. Under the Assumption 2.1, let V be a vetor bundle on X.
Consider a general urve C ∈ K, let ν : P1 → C be its normalization, and write
(2.1) ν∗(V ) ∼= OP1(a1)⊕ · · · ⊕ OP1(ar)
for some integers a1 ≥ · · · ≥ ar.
If X is of length ℓ with respet to K, x ∈ X is a general point and σ ∈ H0(X,V )
is any non-zero setion, then the order of vanishing of σ at x satises
multx(σ) ≤ ℓ · a1.
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Remark 2.7. The proof of Proposition 2.6 employs higher-order jet bundles and the
assoiated short exat sequenes. The reader who is not familiar with those might
wish to onsult [KS72, set. 4.1 and 4.6℄. Basi fat about standard rational urves
an be found in Setion 4.2 below.
Proof of Proposition 2.6. Set x0 := x and let xi+1 be a general point of loc
1(xi).
We may assume that there exists a general member Ci of K ontaining both xi and
xi+1. Let mi := multxi(σ) and let νi : P1 → Ci be the normalization morphisms.
Note that mℓ = 0 by the denition of the length ℓ.
Sine xi was generially hosen, the setion σ vanishes along Ci to order exatly
mi+1, and mi+1 ≤ mi. This has two onsequenes. First, if
σmi+1 := Prolong
mi+1(σ) ∈ H0(X, Jetmi+1(V ))
is the mi+1th jet of σ, then σmi+1 has a zero of order mi −mi+1 at the point xi.
Seond, if
0 −−−−→ V ⊗ Symmi+1 Ω1X −−−−→ Jet
mi+1(V )
α
−−−−→ Jetmi+1−1(V ) −−−−→ 0
is the mi+1th jet-sequene of V , then ν
∗
i (α(σmi+1)) = 0, and σmi+1 therefore denes
a non-zero setion
τ ∈ H0
(
P1, ν
∗
i (V ⊗ Sym
mi+1 Ω1X)
)
whih has a zero of order mi−mi+1 at the point xi. We onlude with an analysis
of the splitting type of ν∗i (V ⊗ Sym
mi+1 Ω1X). To this end, write
ν∗i (V ⊗ Sym
mi+1 Ω1X)
∼= OP1(b1)⊕ · · · ⊕ OP1(bk)
for integers b1 ≥ · · · ≥ bk. By Fat 4.4, the general urves Ci are standard, and
ν∗i (Ω
1
X)
∼= OP1(−2)⊕OP1(−1)
⊕a ⊕O⊕b
P1
.
This, together with the isomorphism (2.1) implies that b1 ≤ a1, and the existene
of the setion τ implies that mi −mi+1 ≤ b1 ≤ a1 for all i. Thus
multx(σ) = m0 =
ℓ−1∑
i=0
(mi −mi+1) ≤ ℓ · a1.

3. Statement of the main result
The main results of this paper relate the dimensions dk to the projetive geometry
of the variety of minimal rational tangents. For the reader's onveniene, we briey
reall the relevant denitions rst.
3.1. Varieties of minimal rational tangents and higher seants.
Fat 3.1. Under the Assumption 2.1, if x ∈ X is a general point, then the nor-
malization Kˆx of Kx is smooth. It is shown in [Keb02, thm. 3.1℄ that the rational
map
Kx 99K P(TX |∨x )
C 7→ P(TC |∨x )
that sends a urve through x to its tangent diretion at x, extends to a nite
morphism τx : Kˆx → P(TX |∨x ).
Denition 3.2. For general x ∈ X, let Cx be the image τx(Kˆx) in P(TX |∨x ) and
all it the variety of minimal rational tangents at x.
GEOMETRY OF CHAINS OF MINIMAL RATIONAL CURVES 5
The variety of minimal rational tangents omes with a natural embedding into
P(TX |∨x ). Its invariants as a projetive variety an therefore be used to dene
natural invariants of the manifold X and the family K. To this end, let us reall
the notion of higher seant varieties.
Denition 3.3 ([CC02℄ and [Zak93℄). Let Y ⊂ Pm be an irreduible projetive
subvariety of dimension p. The k-th seant variety SkY of Y is dened to be the
losure of the union of k-dimensional linear subspaes of Pm determined by general
k + 1 points on Y .
Fat 3.4. In the setup of Denition 3.3, let m′ be the dimension of the linear
subspae spanned by Y . Then the dimension of SkY satises
dim(SkY ) ≤ min{m′, (k + 1)(p+ 1)− 1}.
Notation 3.5. We say that Y is k-defetive when the above inequality is strit.
Notation 3.6. As a subvariety of the projetive spae P(TX |∨x ), we an onsider the
k-th seant variety SkCx of Cx. For k ≥ 1, let Ckx ⊂ P(TX |
∨
x ) be the tangent one of
lock(x) at x we refer to Setion 4.1 for a disussion of tangent ones.
Finally, let C and SkC ⊂ P(T∨X) be the losure of the union of the Cx and S
kCx
for all general points x ∈ X . We all C the variety of minimal rational tangents.
Remark 3.7. It is lear that dk = dim Ckx + 1 for general points x ∈ X . If x ∈ X is
a general point, it is likewise obvious that C ∩ P(TX |∨x ) = Cx and S
kC ∩ P(TX |∨x ) =
SkCx.
Denition 3.8 ([Zak93, I (1.1.1)℄). Let A,B ⊂ PN be two irreduible subvarieties
of the projetive spae. Dene Join(A,B) to be the losure of the union of lines
joining a general point of A to a general point of B.
Remark 3.9 ([Zak93, V (1.2.5)℄). In the notation of the denition above, S1A =
Join(A,A) and SkA = Join(A,Sk−1A).
Notation 3.10. Let ℓ ⊂ X be a rational urve and η : P1 → ℓ its normalization. We
say that ℓ has nodal singularities at a point x ∈ ℓ, if η−1(x) ontains more than
one point. We say that ℓ has immersed singularities at x, if the morphism η has
rank one at all points of the preimage η−1(x).
3.2. Main Results. The following are the main results of this paper. In eah of
the statements, we maintain the Assumptions 2.1 and let x ∈ X be a general point.
Theorem 3.11. We have C1x ⊂ S
1Cx. If none of the urves assoiated with Kx has
a nodal singularity at x, then C1x = Cx.
Theorem 3.12. For eah k ≥ 1, we have Join(Cx, Ckx) ⊆ C
k+1
x . In partiular,
SkCx ⊆ C
k+1
x and dk+1 ≥ dimS
kCx + 1.
As an immediate orollary to Theorem 3.12 and Proposition 2.4, we obtain the
following.
Corollary 3.13. If Cx is not k-defetive, then dk+1 = dimSkCx + 1. 
Theorem 3.14. If there exists an embedding X ⊂ PN suh that urves assoiated
with K are mapped to lines in PN , then S1Cx = C2x. In partiular, d2 = dimS
1Cx+1.
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Remark 3.15. In Setion 6.3 we will see examples where SkCx 6= Ck+1x for k ≥ 2,
even when X is embedded into PN in a way suh that urves assoiated with K are
lines in PN .
Corollary 3.16. Suppose X is a Fano manifold of Piard number 1 and dimX ≥ 3
suh that the ample generator H of Pic(X) is very ample and −KX = iH for some
(3.1) i >
2
3
dimX +
1
3
.
Let K be the set of lines lying on X under the embedding X ⊂ P(H0(X,H)). Then
X is 2-onneted by K. A hyperplane setion through a general point x ∈ X has
multipliity ≤ 2 at x, or equivalently, the seond fundamental form of X at x in
P(H0(X,H)) is surjetive to the normal spae.
Proof. By [Hwa01, p. 348℄, Cx is a smooth subvariety of P(TX |
∨
x ) of dimension
i − 2. It follows that Cx is irreduible, and [Hwa01, thm. 2.5℄ implies that it is
nondegenerate. By [Zak93, II.2.1℄, the inequality (3.1) then yields that the seant
variety is the full ambient spae, S1Cx = P(TX |∨x ). Theorem 3.14 therefore implies
that X is 2-onneted by lines. The last sentene follows from Proposition 2.6. 
4. Fats used in the proof of Theorems 3.113.14
The proof of the main results relies on a number of fats that are sattered
throughout the literature. For the reader's onveniene, we have gathered those
here.
4.1. Tangent ones. Throughout the proof of Theorems 3.113.14, we use the fol-
lowing two desriptions of the projetivized tangent one TanConeY,x ⊂ P(TX |∨x ) of
a subvariety Y ⊂ X at a point x ∈ Y . For an elementary disussion of holomorphi
ars, of tangent ones and for a proof of these desriptions, see [Har95, let. 20℄.
(1) As a set, the tangent one is the union of the tangent lines to holomorphi
ars γ : ∆ → Y that are entered about x. Reall that if the ar γ is
not smooth at 0, then the tangent line at 0 is just the limit of the tangent
lines to smooth lous. For example, in Lemma 4.1, when we say that γ has
tangent α we do not mean that γ is smooth there.
(2) Consider the blow up Xˆ → X of the point x, and identify the exeptional
divisor E ⊂ Xˆ with P(TX |∨x ). If Yˆ ⊂ Y is the strit transform of Y , then
the projetivized tangent one of Y at x is exatly the intersetion Yˆ ∩ E.
The following lemma is immediate from (2).
Lemma 4.1. Let Yo ⊂ Y be a Zariski open subset of an irreduible subvariety
Y ⊂ X. For any point y ∈ Y and a general point α of any omponent T of
TanConeY,y, there exists an ar γ on Y with tangent α at y suh that γ∩Yo 6= ∅. 
Corollary 4.2. Let Y ⊂ X be an irreduible subvariety, and set
T :=
⋃
y∈Y
TanConeY,y ⊂ P(T
∨
X).
Then the redued onstrutible set T is also irreduible.
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Proof. Suppose T is not irreduible. Sine for a general point y ∈ Y , the tangent
one TanConeY,y is a linear subspae in P(TX |∨y ), then there exists a omponent
Z ⊂ T whose image in Y under the natural projetion is a proper subvariety. Let
Yo be its omplement. Choose a general point α ∈ Z whih does not lie in other
omponents of T . By Lemma 4.1, there exists an ar γ tangent to α whih intersets
Yo. The lift of γ to P(T
∨
X) lies in T and ontains α. Consequene: the lift lies in
Z, a ontradition to the hoie of Yo. 
4.2. Vetor bundles, free and standard rational urves.
Denition 4.3. A rational urve ℓ ∈ K is free if the pull-bak of the tangent
bundle TX via the normalization f : P1 → ℓ is isomorphi to
f∗(TX) ∼=
⊕
i=1... dimX
OP1(ai)
where all ai ≥ 0. The urve ℓ is standard if there are numbers a, b suh that
f∗(TX) ∼= OP1(2)⊕OP1(1)
⊕a ⊕O⊕b
P1
.
Fat 4.4 ([Hwa01, set. 1.2℄). The sets of free and standard urves in K are open.
If x ∈ X is a general point and ℓ ∈ K orresponds to a urve that ontains x, then
the urve assoiated with ℓ is free. If ℓ orresponds to a general point of Kx, the
urve is standard. 
Lemma 4.5. If ℓ ∈ K orresponds to a free urve, then the parameter spae K is
smooth at ℓ, and ℓ is a ber of the natural morphism
K → Chow-variety of urves in X.
In partiular, sine freeness is an open property, the morphism is generially inje-
tive.
Proof. Both assertions follow from [Kol96, thm. II.2.15℄ if we show that the Hom-
sheme Hombir(P1, X) is smooth in the neighborhood of a morphism f : P1 → X
that parameterizes the urve assoiated with ℓ. But sine that urve is free, the
Hom-sheme is indeed smooth at f , [Kol96, or. II.3.5.4℄. 
Notation 4.6. We have already used the fat that any vetor bundle E on P1
deomposes as a sum of line bundles, E =
⊕
OP1(ai). While this deomposition is
not unique in general, the positive sub-bundle
E+ :=
⊕
{i | ai>0}
OP1(ai) ⊂ E
is in fat independent of the hoie of the deomposition. Throughout this paper,
we attah the index + to the names of vetor bundles on P1 to denote their
positive parts.
The following Lemma is immediate.
Lemma 4.7. Let ℓ be a smooth standard rational urve on X and ~v a vetor in the
positive part of TX |
+
ℓ , not tangent to ℓ. Then there exists a unique subbundle F of
rank 2 in TX |ℓ whih ontains ~v and splits as OP1(2)⊕OP1(1).
When ℓ is a line in PN , then F is the restrition of the tangent bundle of the
plane determined by ℓ and ~v. 
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Fat 4.8 ([Kol96, prop. II.3.4℄). Let x ∈ X be a general point, and ℓ ∈ K orre-
spond to a standard rational urve that ontains x. Then the positive part of the
restrition TX |ℓ is ontained in the rst seant variety S1Cx. More preisely, if ℓ is
parameterized by a morphism f : P1 → ℓ and if y ∈ f−1(x) is any point, then f is
an immersion and
P
(
f∗(TX)
+|∨y
)
⊂ f∗(S1Cx) ⊂ P
(
f∗(TX)|
∨
y
)
.
4.3. Varieties that are overed by lines. If there exists an embedding X ⊂ PN
suh that urves assoiated with K orrespond to lines in PN , then K is ompat
and all K-urves are smooth. Many of the statements mentioned previously an be
improved.
Lemma 4.9 ([Hwa01, proof of prop. 1.5℄). If there exists an embedding X ⊂ PN
suh that K-urves are lines, then free lines are standard. In partiular, by Fat 4.4,
if x ∈ X is a general point and if ℓ ⊂ X is a line whih ontains x, then ℓ is
standard.
Proof. Let ℓ ⊂ X be a free line. We may write
TX |ℓ ∼= OP1(a1)⊕ · · · ⊕ OP1(an)
with a1 ≥ · · · ≥ an ≥ 0. We know that a1 ≥ 2 beause the smoothness of ℓ implies
that Tℓ injets into TX |ℓ. On the other hand, TX |ℓ is a subbundle of
TPN |ℓ ∼= Oℓ(2)⊕ [Oℓ(1)]
⊕N−1.
Thus a1 = 2 and 1 ≥ a2 ≥ · · · ≥ an ≥ 0 and ℓ is standard. 
Proposition 4.10. Let C ⊂ P(T∨X) be the variety of minimal rational tangents that
was introdued in Notation 3.6 and let p : C → X be the anonial projetion. If
there exists an embedding X ⊂ PN suh that K-urves are lines, if ℓ ∈ K orresponds
to a free line and if x ∈ X is any point on that line, then C|x is smooth at ~v :=
P(Tℓ|∨x ) and the projetive tangent spae to C|x at ~v is exatly P
(
TX |
+
ℓ |
∨
x
)
.
Proof. Let U be the universal P1-bundle over K, and let ι : U → X be the universal
morphism. Sine all urves involved are smooth, the restrition of the tangent
morphism T ι to the relative tangent bundle TU|K yields a morphism τ whih fators
the universal morphism as follows.
P(T∨X)
p

U
ι //
πP1-bundle

τ
44
X
K
The image of the morphism τ is then exatly C. Sine lines are uniquely determined
by their tangent vetors, Lemma 4.5 implies that τ−1(~v) is a single smooth point,
say, y ∈ U . The laim that C|x is smooth at ~v thus follows if we show that both ι
and τ have maximal rank at y. The morphism ι has maximal rank beause ℓ = π(y)
orresponds to a free urve see [Kol96, or. II.3.5.4 and thm. II.2.15℄. The fat
that τ has maximal rank follows from Lemma 4.9, whih asserts that the urve of ℓ
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is standard, and from the desription of the tangent map of the universal morphism
ι, [Kol96, thm. II.2.15 and prop. II.3.4℄.
The latter referene also explains why the tangent spae to C|x at ~v is P
(
TX |
+
ℓ |
∨
x
)
.

5. Proof of Theorems 3.113.14
5.1. Proof of Theorem 3.11. For larity, we show the two statements of Theo-
rem 3.11 separately.
5.1.1. Proof of the inlusion C1x ⊂ S
1Cx. To shorten the notation, set Y := loc
1(x).
Observe that it follows from Assumption 2.1(3) that Y is irreduible.
Sine x is hosen to be a general point of X , we have the equality S1Cx = S1C|x.
In view of Corollary 4.2, to show that TanConeY,x ⊂ S1Cx, it sues to show that
for a general (hene smooth) point y ∈ Y , the inlusion P(TY |∨y ) ⊂ S
1C holds.
To this end, onsider the diagram
Ux
ιx //
πxP1-bundle

X
Kx
where πx is the restrition of the universal P1-bundle, and ιx is the universal mor-
phism whih surjets onto loc1(x). Let yˆ ∈ Ux be a general point of Ux.
If ℓˆ := π−1x πx(yˆ) is the ber through yˆ, then ιx(ℓˆ) is a standard rational urve
by Fat 4.4. In this setup generi smoothness of ιx and [Kol96, II.3.4℄ assert that
(1) the morphism ιx is smooth at yˆ, and
(2) the tangent map T ιx : TUx |yˆ → ι
∗
x(TX)|yˆ has its image in (ι
∗
x(TX)|ℓˆ)
+
.
The inlusion
P
(
TY |
∨
ιx(yˆ)
)
⊂ S1Cιx(yˆ) ⊂ S
1C
then follows from Fat 4.8. 
5.1.2. Proof of the equality C1x = Cx. Let Kˆx be the normalization of Kx, let πx :
Ux → Kˆx be the pull-bak of the universal P1-bundle, and let ιx : Ux → X be the
universal morphism. The blow up Xˆ → X of the point x then yields a diagram
Xˆ
blow-up of x

Ux
ιx //
πxP1-bundle

ιˆx
33
w
t
q
n k
h
X
Kˆx
The assumption that none of the urves assoiated with Kx has a nodal singularity
implies that the sheme-theoreti preimage σ = ι−1x (x) ⊂ Ux is supported on a
setion over Kˆx. Reall from [Keb02, thm. 3.3℄ that the urves assoiated with Kx
are either smooth or have immersed singularities at x. Consequene: the preimage σ
is redued, and it is a Cartier-divisor in Ux. The universal property of the blow-up,
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[Har77, prop. II.7.14℄, then states that the rational map ιˆx is atually a morphism.
The omposition
ιˆx ◦ (πx|σ)
−1 : Kˆx → E ∼= P(TX |
∨
x )
learly equals the tangent morphism τx, and the equality C1x = Cx follows from the
desription of the tangent one that we gave in setion 4.1 above. 
5.2. Proof of Theorem 3.12. We will prove Theorem 3.12 by indution.
5.2.1. Start of indution, k = 0. If k = 0, the statement of Theorem 3.12 redues
to Cx ⊆ C1x. That, however, follows by denition.
5.2.2. Indutive step. Our aim here is to show that Join(Cx, Ckx) ⊂ C
k+1
x . We assume
that the inlusion Join(Cx, C
k−1
x ) ⊂ C
k
x is already established.
Let ~v, ~w ∈ TX |x \ {0} be two arbitrary linearly independent tangent vetors
whose lasses [~v], [~w] ∈ P(TX |∨x ) are in C
k
x and Cx, respetively. In order to prove
Theorem 3.12, we need to show that the line ℓ ∈ P(TX |∨x ) through [~v] and [~w] is
ontained in Ck+1x , the tangent one to loc
k+1(x).
It follows from the assumptions that we an nd an ar γ : ∆→ lock(x), where
∆ is a unit disk, whose tangent line at 0 ∈ ∆ is spanned by ~v. Similarly to the
argumentation in setion 5.1.2 above, let π : U → K be the universal P1 bundle
and ι : U → X the evaluation morphism. Sine [~w] ∈ Cx, we nd a losed point
y ∈ ι−1(x) suh that π(y) orresponds to a urve with tangent line [~w], i.e. suh
that
P
(
T ι
(
TU/K|y
)∨)
= [~w] ∈ P (TX |
∨
x ) .
Reall from [Kol96, or. II.3.5.4℄ that the evaluation morphism ι is smooth in a
neighborhood of y. Consequene: after shrinking ∆, if neessary, we an nd an
ar γ˜ : ∆→ U suh that
(1) γ˜ is a lifting of γ, i.e. ι ◦ γ˜ = γ,
(2) γ˜(0) = y, and
(3) for general s ∈ ∆, the urve assoiated with (π ◦ γ˜)(s) ∈ K does not ontain
the point x, i.e. (π ◦ γ˜)(∆) 6⊂ Kx.
Base hange and blowing up will yield a diagram as follows.
Uˆγ
ιˆγ //
blow-up βγ of ι
−1
γ (x)

Xˆ
blow-up β of x

U ×K ∆ //
πγ

ιγ
**
U ι
//
π

X
∆
π◦γ˜
//
σ
FF
K
Here π and πγ are P1-bundles, and σ is a setion that satises ιγ ◦ σ = γ.
Notation 5.1. For brevity, set Uγ := U ×K ∆. Property (3) of γ˜ ensures that all
omponents of the preimage ι−1γ (x) are zero-dimensional. Let yγ ⊂ ι
−1
γ (x) be the
omponent of the sheme-theoreti preimage of x that is supported at the point
σ(0).
Let E ⊂ Xˆ be the exeptional divisor of β, and Eγ ⊂ Uˆγ be the unique irreduible
and redued omponent of the exeptional divisor of βγ that lies over σ(0).
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Remark 5.2. By Lemma 4.1, we may assume that γ is an ar in lock(x) suh that
ιγ(Uγ) ⊂ loc
k+1(x).
Remark 5.2 and the desription of the tangent one in terms of blowing-up
together guarantee that the image ιˆγ(Eγ) is ontained in the tangent one Ck+1x to
lock+1(x). Sine ιˆγ(Eγ) ontains both [~w] and [~v], the inlusion ℓ ⊂ Ck+1x is proved
as soon as we show that ιˆγ(Eγ) is a line in E ∼= P(TX |∨x ). Sine the normal bundle
of E in Xˆ is NE/Xˆ
∼= OPn−1(−1), it sues to show the following laim.
Claim 5.3. The intersetion number ιˆ∗γ(E).Eγ is −1.
Proof. Reall from [Keb02, thm. 3.3℄ that the urves assoiated with Kx have at
worst immersed singularities at x. One onsequene of this is that the sheme-
theoreti intersetion of the (possibly non-redued) point yγ and the (redued)
urve π−1γ (0) is a redued point. We an therefore nd a positive integer n ∈ N and
a bundle oordinate t on an open neighborhood Ω = Ω(yγ) ⊂ Uγ suh that yγ an
be expressed in terms of t and the oordinate s on ∆ as follows
yγ = {(t, s) ∈ Ω | t = 0, s
n = 0}.
The blow-up of this ideal an be written down expliitly. An elementary om-
putation reveals that the blow-up Uˆγ has a Q-fatorial singularity of type An−1,
and that the following two equations of Q-Cartier divisors and their intersetion
numbers hold. First:
ιˆ∗γ(E) = β
−1
γ (yγ) + other omponents that do not interset Eγ
= n · Eγ + other omponents that do not interset Eγ
Seond:
(n ·Eγ) . strit transform of π
−1
γ (0) = 1.
Sine (n ·Eγ).(πγ ◦ βγ)−1(0) = 0 and
(πγ ◦ βγ)
−1(0) = Eγ + strit transform of π
−1
γ (0)
+ other omponents that do not interset Eγ ,
the laim then follows immediately. 
This ends the proof of Theorem 3.12. 
5.3. Proof of Theorem 3.14. The inlusion S1Cx ⊆ C
2
x has been shown in se-
tion 5.2 above, and it remains to show the opposite inlusion C2x ⊆ S
1Cx. As the
proof is somewhat lengthy, we subdivide it into steps. Throughout the proof we
will x an embedding X ⊂ PN suh that K-urves beome lines.
Step 1: General Setup. Let ~v ∈ C2x ⊂ P(TX |
∨
x ) be a general element of an irreduible
omponent of C2x. We will need to show that ~v ∈ S
1Cx. The proof involves a
disussion of holomorphi ars that have ~v as a tangent line. To this end, observe
that it follows from the denition of loc2(x), and from Lemma 4.1 that there exists
a holomorphi ar γ : ∆→ loc2(x) with γ(0) = x suh that
(1) The tangent line to γ at 0 ∈ ∆ is ~v and
(2) for every s ∈ ∆, there exists a point gs ∈ loc
1(x) suh that X ontains a
line through gs and γ(s), and a line through gs and x.
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By Theorem 3.11, there is nothing to show if γ(∆) ⊂ loc1(x). We an thus
assume that γ(∆) 6⊂ loc1(x). In partiular, we assume that gs is not onstantly
equal to x.
The hoie of gs in Item (2) needs of ourse not be unique. However, after a
nite base hange, replaing ∆ by a nite over, we an assume without loss of
generality that we an realize gs as a funtion of s, i.e. that we have an ar
g : ∆→ loc1(x).
Although we may have g(s) = x for a disrete set of s ∈ ∆, we still nd a
well-dened holomorphi ar
G : ∆ → Kx
s 7→ line through x and g(s).
Likewise, we nd a holomorphi ar
F : ∆ → K
s 7→ line through g(s) and γ(s) .
Notation 5.4. Let ℓG ∈ Kx and ℓF ∈ K be the limiting lines ℓG = G(0), ℓF = F (0).
Remark 5.5. By denition, for all s ∈ ∆, we have γ(s) ∈ F (s). Sine γ(0) = x, it
follows that the limiting line ℓF ontains x, i.e. ℓF ∈ Kx.
Step 2: Limits of the Zariski tangent spaes of F (s)∪G(s). For general s ∈ ∆, the
lines F (s) and G(s) do not oinide, and the Zariski tangent spae of the reduible
oni F (s)∪G(s) at the point of intersetion is spanned by the diretion vetors of
G(s) and F (s). As before, this yields a holomorphi map
P : ∆ → Grassmannian of 2-dimensional planes in PN
s 7→ plane that ontains G(s) and F (s)
Remark 5.6. Although the plane P (s) is generally not ontained in X , it inter-
sets X tangentially at g(s), i.e. TP (s)|g(s) ⊂ TX |g(s). It follows diretly from the
denition that the line Λs := P(TP (s)|
∨
g(s)) is ontained in S
1C for all s ∈ ∆.
Lemma 5.7. The tangent line to the ar γ at 0 ∈ ∆ is ontained in the limiting
plane P (0).
Proof. The tangent line to the ar γ at 0 ∈ ∆ is given by the zero-dimensional
sheme Q0 of length two that is the sheme-theoreti limit of the sequene of double
points Qs := {x, γ(s)} as s→ 0. Sine Qs ∈ P (s) for general s ∈ ∆, the properness
of the Hilbert-sheme implies that Q0 ∈ P (0). 
Step 3: End of proof if ℓG 6= ℓF . Sine γ(0) = x, the assumption ℓG 6= ℓF implies
that g(0) = γ(0) = x and P (0) is spanned by the two lines ℓG and ℓF through x.
By Remark 5.6 and Lemma 5.7, the tangent line to γ at 0 ∈ ∆ is ontained in S1C.
Remark 3.7 of page 5 implies that S1C|x = S1Cx, and the proof of Theorem 3.14 is
nished.
Step 4: End of proof if ℓG = ℓF . Reall from Fat 4.4 that the line ℓG is free.
We an therefore apply Proposition 4.10 whih asserts that C|g(0) is smooth at
P(TℓG|
∨
g(0)) and that the projetive tangent spae is P
(
TX |
+
ℓG
∣∣∨
g(0)
)
.
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We have seen in Remark 5.6 that Λs = P(TP (s)|
∨
g(s)) is a seant line of C|g(s) for
all s ∈ ∆. The assumption that ℓG = ℓF implies that the limiting line Λ0 is tangent
to C|g(0). The line Λ0 is therefore tangent to C|g(0) at the point P(TℓG |
∨
g(0)).
As a next step, apply Lemma 4.7 to ℓG to see that Λ0 determines a positive
subbundle F of rank 2 in TX |ℓG . Although the 2-dimensional plane P (0) will gen-
erally not be ontained in X , it follows from the uniqueness assertion of Lemma 4.7
that P (0) is tangent to X along the line ℓG, and that F is the restrition of the
tangent bundle TP (0)|ℓG . The tangent spae of P (0) at x is therefore ontained
in the positive part TX |
+
ℓG
, and another appliation of Proposition 4.10 yields that
the line P(TP (0)|
∨
x ) ⊂ P(TX |
∨
x ) is tangent to Cx. Lemma 5.7 then implies that the
tangent line to the ar γ at 0 ∈ ∆ is ontained in the tangent variety to Cx, in
partiular, that it lies in S1Cx. Theorem 3.14 is then shown. 
6. Examples
6.1. Complete intersetions. Let X ⊂ PN be a smooth omplete intersetion of
hypersurfaes of degrees d1, . . . , dm. We have
−KX = OX(p+ 2) where p = N − 1−
m∑
i=1
di.
Let us assume that p > 0. Then for eah general x ∈ X , there exists a line on X
through x and the spae Kx of suh lines is a omplete intersetion of dimension
p > 0. In fat, the dening equations of the omplete intersetion Kx ∼= Cx ⊂
P(TX |∨x ) are given by derivatives at x of the dening equations of X . In partiular,
Cx is a nondegenerate, smooth omplete intersetion of dimension p > 0. It follows
that Kx is irreduible and there exists a unique irreduible omponent K of the set
of lines on X whose members over X .
Proposition 6.1. Let Y ⊂ Pm be a non-degenerate smooth omplete intersetion
of dimension p > 0. Then Y has no seant defet, i.e., dimSkY = min{m, (k +
1)(p+ 1)− 1} for all k.
Proof. Otherwise there exists a hyperplane in Pm tangent to Y along a positive-
dimensional subvariety by [Zak93, V.1.5℄. This is impossible by [FL81, 7.5℄. 
Proposition 6.2. Let X ⊂ PN be an n-dimensional smooth omplete intersetion
with −KX = OX(p+ 2) and p > 0. Then for eah k > 0, the dimension dk equals
dk = min{n− 1, pk + k − 1}+ 1.
Proof. Let Cx ⊂ P(TX |
∨
x ) be the variety of tangents to lines through x for a general
x ∈ X , and suppose pk + k − 1 ≤ n − 1. Then by Proposition 2.4, Theorem 3.12
and Proposition 6.1,
pk + k − 1 = dimSk−1Cx ≤ dim C
k
x ≤ k(p+ 1)− 1.
Thus
dk − 1 = dim C
k
x = dimS
k−1Cx = pk + k − 1.
If pk + k − 1 ≥ n− 1, the equality SkCx = Ckx = P(TX |
∨
x ) is obvious. 
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Type G X dim(X) rank dim(Cx) Cx
I SL(a+ b) G(a, b) ab min(a, b) a+ b− 2 Pa−1 × Pb−1
II SO(2m) QG(m) m(m−1)
2
[m
2
] 2m− 4 G(2,m− 2)
III Sp(m) LG(m) m(m+1)
2
m m− 1 v2(Pm−1)
IV SO(m + 2) Qm m 2 m− 2 Qm−2
V E6 OP2 ⊗R C 16 2 10 QG(5)
VI E7 no lassial name 27 3 16 OP2 ⊗R C
G(a, b) . . . Grassmannian of a-dim. subspaes in an (a+ b)-dim. vetor spae
QG(m) . . . quadri Grassmannian of m-dimensional isotropi subspaes in a
2m-dimensional orthogonal vetor spae
LG(m) . . . Lagrangian Grassmannian of a 2m-dimensional sympleti vetor spae
v2(Pm−1) . . . seond Veronese embedding
OP2 . . . the otahedral plane
[· · · ] . . . round-down.
Table 1. Types of Hermitian Symmetri Spaes
6.2. Hermitian symmetri spaes. Let X = G/P be an irreduible Hermitian
symmetri spae. The ation of the isotropy subgroup P at a base point x ∈ X on
the tangent spae P(TX |∨x ) is irreduible. This ation has exatly r orbits where r
is the rank of the Hermitian symmetri spae. There exists a minimal equivariant
embedding X ⊂ PN suh that the set of lines of PN lying on X forms a family K
that satises the Assumption 2.1. The highest weight orbit of the isotropy ation
on P(TX |∨x ) is then preisely the variety of minimal rational tangents Cx for K. The
possibilities are listed in Table 1.
Let us desribe the higher seant varieties of Cx, ase by ase. The desriptions
are fairly standard, see e.g. [FOV99, 1.3.6℄.
Type I. Cx ⊂ P(TX |∨x ) is isomorphi to the Segre variety Pa−1 × Pb−1 ⊂ Pab−1. Its
ane one orresponds to the set of elements of rank ≤ 1 in the spae of (a × b)-
matries. Its k-seant variety is the set of elements of rank ≤ k+1. Sine there are
min(a, b) orbits in P(TX |
∨
x ), eah orbit losure is one of the higher seant varieties
of Cx. Their dimensions are
dimSkCx = (a+ b)(k + 1)− (k + 1)
2 − 1 for 1 ≤ k ≤ min(a, b)− 1.
Type II. Cx ⊂ P(TX |∨x ) is the Plüker embedding of G(2,m − 2). Its ane one
orresponds to the set of elements of rank ≤ 2 in the spae of alternating (m×m)-
matries. Its k-seant variety is the set of elements of rank ≤ 2(k+ 1). Sine there
are [m2 ] orbits in P(TX |
∨
x ), eah orbit losure is one of the higher seant varieties of
Cx. Their dimensions are
dimSkCx =
m(m− 1)
2
−
(m− 2k − 2)(m− 2k − 3)
2
− 1 for 1 ≤ k ≤
[m
2
]
− 1.
Type III. Cx ⊂ P(TX |∨x ) is the seond Veronese embedding of Pm−1. Its ane one
orresponds to the set of elements of rank ≤ 1 in the spae of symmetri (m×m)-
matries. Its k-seant variety is the set of elements of rank ≤ k + 1. Sine there
are m orbits in P(TX |
∨
x ), eah orbit losure is one of the higher seant varieties of
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Cx. Their dimensions are
dimSkCx =
m(m+ 1)
2
−
(m− k)(m− k − 1)
2
− 1 for 1 ≤ k ≤ m− 1.
Type IV. There are only two orbits in P(TX |∨x ), the hypersurfae Cx and its om-
plement. It follows that S1Cx = P(TX |∨x ).
Type V. There are only two orbits in P(TX |∨x ), Cx and its omplement. It follows
that S1Cx = P(TX |∨x ).
Type VI. Cx ⊂ P(TX |∨x ) is the E6-Severi variety. By [Zak93, p. 59, E℄, S
1Cx is then
a ubi hypersurfae. There are only three orbit losures in P(TX |∨x ), namely Cx,
the ubi hypersurfae S1Cx, and S2Cx = P(TX |∨x ).
The length of Hermitian symmetri spaes. In summary, we have obtained the
following whih must be well-known to experts.
Proposition 6.3. Let X be an irreduible Hermitian symmetri spae of rank r.
Then there are exatly r projetive subvarieties in P(TX |∨x ) invariant under the
isotropy ation, namely Cx and its higher seant varieties.
The spanning dimension of hains of minimal rational urves an be omputed
now.
Lemma 6.4. The length of an irreduible Hermitian symmetri spae of rank r is
at least r.
Proof. This follows from Proposition 2.6 and the well-known fat that there exists
a setion of the ample generator of Pic(X) whih vanishes to order r at some point.
In fat, this setion is the ompatifying divisor of the Harish-Chandra embedding
of Cn in X . 
Proposition 6.5. Let X be an irreduible Hermitian symmetri spae. Then for
eah k, SkCx = Ck+1x .
Proof. Sine SkCx ⊂ Ck+1x , and both S
kCx and Ck+1x are invariant subvarieties of
the isotropy ation, Proposition 6.3 implies that if there exists a number j with
SjCx 6= Cj+1x , then C
r−1
x = P(TX |
∨
x ). This is a ontradition to the preeding
Lemma 6.4. 
As a diret onsequene of Propositions 6.3 and 6.5, we obtain the following.
Corollary 6.6. The length of an irreduible Hermitian symmetri spae of rank r
is preisely r.
6.3. Homogeneous ontat manifolds. Let X = G/P be a homogeneous on-
tat manifold of dimension 2m + 1 with b2(X) = 1. The ation of the isotropy
group P at a base point x ∈ X on the tangent spae TX |x has a unique irreduible
subspae Dx of dimension 2m. It is known that X an be embedded into a pro-
jetive spae by the ample generator OX(1) of Pic(X). Assume that X is dierent
from P2m+1. Then −KX = OX(m). Let K be the set of lines lying on X . Then
Cx ⊂ P(D|∨x ) is the highest weight orbit of the isotropy ation of P on P(D|
∨
x ).
Table 2, whih is taken from [Hwa01, p. 353℄, summarizes the possibilities. In all
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G m Cx embedding Cx ⊂ P(D|
∨
x )
SO(m+ 4) m ≥ 3 P1 ×Qm−2 Segre
G2 2 P1 third Veronese
F4 7 LG(3) m.e.
E6 10 G(3, 3) m.e.
E7 16 QG(6) m.e.
E8 28 Type VI m.e.
m.e. . . . minimal equivariant embedding of irreduible Hermitian symmetri spaes
For other notation, see the utline of Table 1
Table 2. Homogeneous ontat manifolds
ases,
dim Cx = m− 1
dimP(D|∨x ) = 2m− 1 = 2 · dim Cx + 1
By [Zak93, III.2.1, III.1.4, and III.1.7℄, we have
S1Cx = P(D|
∨
x ) = C
2
x.
In partiular, loc2(x) is a hypersurfae in X and loc3(x) = X by Proposition 2.5.
As a onsequene we obtain that
S2Cx = P(D|
∨
x ) 6= P(TX |
∨
x ) = C
3
x,
whih shows that the inlusion in Theorem 3.12 an sometimes be strit.
6.4. Moduli spae of stable bundles of rank 2 over a urve. Throughout
the present setion, let C be a smooth projetive urve of genus g ≥ 4 and X :=
SUC(2, i) be the moduli spae of stable vetor bundles of rank 2 with a xed
determinant of degree i ∈ {0, 1}.
Fat 6.7 ([Hwa00, set. 1.4.8℄). The spae X is a smooth quasi-projetive variety
of dimension 3g − 3 whih is projetive if i = 1. There exists a very ample line
bundle L whih generates the Piard group, Pic(X) ∼= Z · L. Moreover, we have
−KX = 4 · L when i = 0 and −KX = 2 · L when i = 1. The moduli spae X is
overed by a family K of ompat rational urves, alled Heke urves, that satisfy
Assumption 2.1. These urves interset −KX with multipliity 4.
Remark 6.8. In the previous setions we assumed that X is a smooth projetive
variety. We remark that Denitions 2.3 and 3.2 work without hange for the quasi-
projetive manifold SUC(2, 0).
Fat 6.9 ([Hwa00, prop. 11℄). Let x ∈ X be a general point, and W be the orre-
sponding vetor bundle on C. Let Y := P(W ) be the assoiated ruled surfae over
C, and π : Y → C be the anonial projetion. Then the linear system of the line
bundle H := 2π∗(KC)−KY is basepoint-free, and determines a nite, generially
injetive map
φH : Y → P3g−4
Further, there exists an identiation P(TX |∨x )
∼= P3g−4 suh that the variety of
minimal rational tangents Cx ⊂ P(TX |∨x ) is exatly identied with the image of φH .
In partiular,
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(1) dim Cx = 2,
(2) Cx is not rational and not isomorphi to a one over a urve, and
(3) Cx is not linearly degenerate.
6.4.1. The variety of minimal rational tangents. In this setion, we use Fat 6.9 and
lassi results of projetive geometry to show that the variety of minimal rational
tangents on X has no seant defet.
Proposition 6.10. Let x ∈ X be a general point, and W be the assoiated stable
bundle of rank 2 over the urve C of genus g ≥ 4. Let Cx be the variety of tangents
with respet to the spae K of Heke urves. Then Cx has no seant defet, i.e.,
dimSkCx = min{3g − 4, 3(k + 1)− 1}.
In partiular, dk = min{3g − 3, 3k} for eah k.
The proof of Proposition 6.10 is based on the following lemma. Its proof is
impliitly ontained in [Hwa00, proof of prop. 12℄. However, sine the notation
there is somewhat dierent, we reprodue the full proof for the readers' onveniene.
Lemma 6.11. In the setup of Proposition 6.10, suppose there exists a linear sub-
spae Ps ⊂ P(TX |∨x ) suh that the tangent plane to Cx at a general point has non-
empty intersetion with Ps. Then s ≥ g − 2.
Proof. Choose a general omplementary linear subspae P3g−5−s ⊂ P(TX |
∨
x ) and
onsider the projetion ψ from Ps to P3g−5−s. We obtain a diagram
Y
φH //
π
P1-bundle

P(TX |∨x )
ψ
projetion from Ps


C P3g−5−s
where the ruled surfae Y and the morphism φH are the same as in Fat 6.9 above.
The tangent map of ψ. If y ∈ Cx is a general point, and T its projetive tangent
spae, the fat that Cx 6⊂ Ps implies that the intersetion of a general tangent plane
to Cx and Ps an only have dimension 0 or 1. In these ases, the rank of the tangent
map T (ψ|Cx) at y is 1 or 0, respetively. Sine y ∈ Cx is a general point, this means
that the image of Cx under the projetion is either a urve Z or a point in P3g−5−s.
Redution to the ase of 1-dimensional bers. If the intersetion has dimension 1,
then the projetion ψ sends the tangent spae at a general point of Cx to a single
point. Thus the projetion sends Cx to a point. This implies that Cx is ontained in
a ber of the projetion map, i.e. in linear subspae Ps+1 ⊃ Ps, whih ontradits
the nondegeneray of Cx unless s+ 1 ≥ 3g − 4 in whih ase the proof is nished.
We may therefore assume that the projetion ψ maps Cx to a urve.
Fibers of ψ ◦φH . Suppose that the φH -image of a generi π-ber f ⊂ Y dominates
Z. Sine
degZ ≤ deg φH(f) ≤ H.f = 2,
Z is then either a line or a oni, and is ontained in a 2-dimensional linear plane.
This would imply that Cx is ontained in a linear subspae Ps+3 ⊃ Ps whih on-
tradits the nondegeneray of Cx unless s + 3 ≥ 3g − 4 in whih ase the proof is
nished.
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We may therefore assume that ψ ontrats general bers of π to a point. In
partiular, we assume that φH(f) is ontained in a linear spae Ps+1 that ontains
Ps as a hyperplane, and intersets Ps twie, ounting multipliity. In other words,
the yle-theoreti preimage φ∗H(Ps) ontains a double setion D.
Disussion of linear systems on Y . Let Ξ ⊂ |H | be the subsystem of dimension
3g − 5 − s that denes the map ψ ◦ φH . Sine D ⊂ Y is a xed omponent of Ξ,
we have
(6.1) 3g − 5− s = dim |Ξ| ≤ dim |H −D|
Using the notation of [Har77, V.2.8.1℄, there exists an integer a and line bundles
a, b ∈ Pic(C) suh that
D ≡ 2C0 + af deg a = a
H ≡ 2C0 + bf deg b = 2g − 2 + e.
Reall that sine the bundle W is stable, we have e < 0. In partiular, by [Har77,
V. prop. 2.21℄, the minimal setion C0 is ample. As a onsequene we have the
following inequalities
−C0 ·D = 2e− a < 0 sine C0 is ample, and
−g ≤ e by [Nag70℄.
Together they imply that
deg(b− a) = 2g − 2 + e− a ≤ 3g − 3,
and an appliation of Riemann-Roh and of Cliord's theorem, [Har77, p. 343℄,
yields
dim |H −D| = dim |b − a| ≤ max
(
3g − 3
2
, 2g − 3
)
= 2g − 3.
Combined with the inequality (6.1), we get g − 2 ≤ s as desired. This ends the
proof of Lemma 6.11. 
With the aid of Lemma 6.11, Proposition 6.10 follows easily from the lassi-
ation [CC02℄ of weakly defetive projetive surfaes. We remark that there is a
misprint in this paper whih aets us here. The last sentene of [CC02, thm. 1.3(ii)℄
should read The minimal suh s is haraterized by the property that X is (s+1)-
defetive but not s-defetive, [. . . ℄
Proof of Proposition 6.10. We argue by ontradition and assume that Cx has a
positive seant defet. Let k ≥ 1 be the minimal number suh that Cx is k-defetive.
It follows from Fat 6.9 and from [CC02, thm. 1.3 (i) and (ii)℄, that
(6.2) k ≤ g − 2,
and that Cx is ontained in a (k+1)-dimensional one over a urve whose vertex is
a linear spae V ⊂ P(TX |∨x ) of dimension dimV = k− 1. By [CC02, prop. 4.1℄, this
desription implies the following: if y ∈ Cx is a general point, and TCx,y ⊂ P(TX |
∨
x )
the projetive tangent spae to Cx at y, then V ∩ TCx,y 6= ∅. In this setup, an
appliation of Lemma 6.11 shows that
(6.3) k − 1 = dimV ≥ g − 2
The inequalities (6.2) and (6.3) are learly ontraditory. We have thus seen that
Cx has no seant defet.
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Theorem 3.12 and Proposition 2.4 then yield that dk = min(3g − 3, 3k). 
As a diret orollary, we have the following bound on the multipliities of divisors
on SUC(2, i).
Corollary 6.12. Let x ∈ SUC(2, i) be a general point, let L ∈ Pic(SUC(2, i)) be
the ample generator of the Piard group, and D ∈ |mL|, m ≥ 1 any divisor. Then
the multipliity of D at x is bounded as follows
multx(D) ≤
{
m(g − 1) if i = 0
2m(g − 1) if i = 1
Proof. Let ℓ ⊂ X be a Heke urve.
If i = 1, then Proposition 6.10 implies that the length of X is g − 1. Fat 6.7
implies that ℓ · L = 2, i.e. ℓ · D = 2m, and the laim follows immediately from
Proposition 2.6.
If i = 0, we onsider a smooth ompatiation X ⊂ X, the assoiated om-
patiation D ⊂ D, and let K ⊂ RatCurvesn(X) be the losure of K under the
natural inlusion morphism RatCurvesn(X) ⊂ RatCurvesn(X). It is lear that the
Assumptions 2.1 hold for the family K of urves on X, and that the length of X
with respet to K is then also g− 1. Sine ℓ ·D = ℓ ·D = 1, the laim follows again
from Proposition 2.6. 
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